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THE CLASSICAL Dold-Thorn Theorem asserts that for every connected polyhedron X there is 
an isomorphism 
H,(X, H) E r&IG(X)) 
between the integral singular homology of X and the homotopy groups of the free abelian 
topological group AG(X) generated by the points of X [2]. In this paper, we introduce the 
notion of intersection homotopy groups and prove the following analogue of the 
Dold-Thorn Theorem for intersection homology. 
THE INTERSECTION DOLD-THOM THEOREM. For every perversity p and every connected 
strati$ed polyhedron X there is an isomorphism 
Z&,(X, B) z Z,n,(AG(X)), 
where Z,x*(AG(X)) standsfor the intersection homotopy groups of AG(X), taken with respect 
to a jnitefiltration of AG(X) induced by the stratijcation of X. 
If Y is a space equipped with a finite filtration 
‘I): Y = YO3 Y’3 Y23 ... 3 Y”3$, 
then the elements of the intersection homotopy group ZBnk( Y) are homotopy classes of 
pointed maps from the unit sphere Sk into Y, where both maps and homotopies satisfy 
a perversity p condition with respect o the filtration ‘1) of Y. Intersection homotopy groups 
have many properties analogous to those of ordinary homotopy groups. For example, for 
every p, the perversity j fundamental group Zprcl (Y) acts on Z,n,( Y), there is an intersection 
Hurewicz homomorphism 
Zp%(Y) + Z,Z&(Y; Z), 
and there are long exact sequences of intersection homotopy groups for filtered fibrations 
and pairs. On the other hand, contrary to homotopy invariance of ordinary homotopy 
groups, the intersection homotopy groups of a stratified polyhedron X depend on the pl 
structure of X and in some cases only on the homeomorphism type of X. We prove that 
intersection homotopy groups can be thought of as a functor on the category of polyhedra 
with morphisms--either pl allowable maps, or placid homotopy classes of continuous 
placid maps. 
Both the classical and the intersection Dold-Thorn Theorems become more natural 
statements when formulated in terms of simplicial set theory. Let S(X) be the simplicial set 
of singular simplices of X and let AG(S(X)) be the free abelian simplicial group generated by 
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elements of S(X). It is well known that there are isomorphisms 
%(S(X)) g %(X)7 ~~(~G(S(X))) = %JX; Z), 
where QS(X)) and n,(AG(S(X)) stand for the simplicial homotopy groups of S(X) and 
AG(S(X)), respectively. Thus, the Dold-Thorn isomorphism can be rewritten in the form 
~~(~G(S(X))) z ~~(S(~G(X))). 
In other words, a natural map 
AG(S(X)) -+ S(AG(X)) 
is a weak homotopy equivalence. That is, the operations S and AG commute, up to 
homotopy [ 12]. 
Following ideas of King (see [S]), we introduce, for every finitely filtered space X and 
every perversity p, a simplicial set Z,S(X) of perversity p singular simplices of X so that 
77&$(X)) Z I$rk(X) (1) 
and when X is a stratified space 
n,JAG(Z,S(X))) 2 Z,H,(X; 2’). (2) 
The intersection Dold-Thorn Theorem asserts that for I,S(AG(X)) accordingly interpreted 
(see the next paragraph) there is a weak homotopy equivalence 
~G(~~S(X)) -+ ~~S~~G(X)). 
Equivalently, for every k 3 0 there is an isomorphism 
r&4G(ipS(X))) --) M,S(AG(X)))> 
which combined with (1) and (2) becomes an isomorphism 
Z,H,(X, Z) z Z,~C&~G(X)). 
The complex I,S(AG(X)) consists of singular simplices of AG(X) satisfying certain 
perversity conditions. These perversity conditions are expressed in terms of codimensions of 
the skeleta of a filtration of AG(X). Thus, to make sense of the perversity conditions, the 
codimensions of the skeleta have to be finite. Hence, the filtration of AG(X), used in the 
definition of r,S(AG(X)), has to be finite. In Section 4.1 we define a Lawsonjltration AG(XZ^) 
of AG(X), which is a finite filtration of AG(X) defined in terms of a stratification 5?” of X. On 
the other hand, if X is a polyhedron, then AG(X) is a limit of finite-dimensional polyhedra, 
and as such, it receives another filtration (let us say AG(9”‘)) from the intrinsic stratifications 
of its finite-dimensional approximations. Tn general, these two ~ltrations do not agree; for 
example, if X is a pl manifold of dimension greater than or equal to one, then both ?K and 
AG(.%‘) are trivial, but AG(%‘) is an infinite filtration of AG(X). Actually, AG(.%‘) is an 
infinite filtration for every polyhedron of dimension greater than or equal to one. Hence, it 
cannot be used to define the complex I,S(AG(X)) as well as the intersection homotopy 
groups of AG(X). The intersection homotopy groups of the space AG(X) are always taken 
with respect o the Lawson filtration AG(%“) of AG(X). 
The paper is organized as follows. Section 1 contains basic definitions and properties 
concerning filtered spaces and maps. In Section 2 we introduce the notion of intersection 
homotopy groups and study their properties. In Section 3 we discuss axioms of intersection 
pf homotopy theory and prove a uniqueness theorem, which is a mo~~cation of King’s 
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characterization theorem (see [8, Theorem lo]). Section 4 contains a proof of the intersec- 
tion Dold-Thorn Theorem. 
1. PRELIMINARIES 
In this section, to fix notation, we record some standard definitions and results concern- 
ing stratified polyhedra. 
A filtered space (X, 3E) is a space X with a Jiltration 
of X by closed (at least when X is of finite dimension) subspaces of X. All filtrations 
considered in this paper are finite. The elements Xk of X will be called skeleta, and the 
difference Sk = Xk\Xk_ 1 strata of the filtration 3. We will sometimes refer to the top- 
dimensional stratum S, as the regular stratum and denote it by reg(X). In the sequel, we will 
assume that all filtrations have a nonempty regular stratum. The subscript index k of Xk will 
be called theformal dimension of Xk. Very often it is more convenient o index filtrations by 
formal codimension of skeleta. We follow a standard convention where the skeleton Xn-k of 
3Z, of formal codimension k, is denoted by Xk. 
If a space X is a polyhedron and a filtration 3E of X is given by subpolyhedra, then the 
pair (X, X) is called a jiltered polyhedron. 
Let X be a polyhedron with a filtration X of length n. The open cone 
c(X) = 
i 
X x [0,1)/X x 0 if X # 0 
(pt> if X=0 
on X has a natural filtration c(X) with the skeleta 
I 
CWk) for O<k<n 
(c(X))~ = i the vertex of the cone for k = n + 1 
0 for k>n+l. 
Let X and Y be polyhedra with filtrations 3E = {Xk} and ‘I) = {Y k}, respectively. A pl 
mapf: X + Y is cojiltered with respect to 3E and ‘I) if for every k > 0 one has Xk of-‘(Yk). 
A cofiltered pl map f : (X, X) + (Y, ‘2)) is afiltered isomorphism of filtered spaces if f: X + Y 
is a pl homeomorphism and for every k B 0 one has f(Xk) = Yk. 
A locally cone-likejltration of a polyhedron X is a filtration x of X so that for each point 
x E Sk = Xk\Xk_ 1 there is a neighborhood U of x in Sk, a compact filtered polyhedron 
(_I,, P), called a link of x in X, and a filtered isomorphism of U x c(L) onto an open 
neighborhood of x in X, where U xc(L) carries the product filtration with skeleta 
(U x C(L))k = u x (C(L))k. 
A pl stratification of a polyhedron X is a locally cone-like filtration of X whose strata are 
pl manifolds (without boundary) [ll]. A stratijed polyhedron is a pair (X, 3E) consisting of 
a polyhedron X and a pl stratification fi of X. In the sequel, by abuse of notation, we will 
often write X when referring to a filtered (or pl stratified) space (X,X). 
For every pl stratification 3E of a polyhedron X the natural filtration c(X) of the cone 
c(X) is a pl stratification of c(X). Every triangulation of a polyhedron X induces a pl 
stratification of X by its skeleta. 
We say that a stratification 3E of X coarsens another stratification 32 of X if every 
stratum of 3E is a union of connected components of strata of 3?. For example, if K’ is 
a subcomplex of a simplicial complex K, then the stratification induced by K coarsens the 
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stratification induced by K’. Thus, in a sense, the operation of coarsening of stratification is 
reverse to the subdivision of triangulations. 
The subdivision of triangulations is an ordering relation and divides the class of all 
triangulations of a polyhedron into partially ordered subclasses called pl structures of the 
polyhedron. Also, the coarsening of stratifications is an ordering relation, and it divides all 
stratifications of a stratified space into partially ordered subclasses. There is an essential 
difference between these two ordering relations. Contrary to the subdivision of simplicial 
complexes, the coarsening of pl stratifications of a polyhedron X (with a fixed pl structure) 
has a terminal object. It is called the intrinsic pl stratijication of X. Let Z,(X) denote the 
k-dimensional skeleton of the intrinsic pl stratification 3(X) of X. The intrinsic pl stratifica- 
tion of a polyhedron X is constructed as follows. 
With every point x of a polyhedron X we associate an integer d(x, X), called the intrinsic 
dimension ofX at x, that is defined as the greatest integer k satisfying one of the following 
equivalent conditions. 
1. The link of x in X is a k-fold suspension. That is, there exists a polyhedron Y so that 
the link of x in X is the join of the (k - 1)-dimensional sphere and Y. 
2. There exists an embeddingf : R, x c(W) -+ X so that f(R, x c(W)) is a neighborhood 
of x in X, where Iwk is the k-dimensional euclidian space.’ 
3. There exists a triangulation of X so that x lies in the interior of a simplex of 
dimension k. 
For the proof of equivalence of the above three conditions see [l]. The intrinsic pl i-skeleton 
0fX is 
Zi(X) = (XEXld(X,X) < i}. 
Part 3 of the definition of the intrinsic dimension implies that 
Zi(X) = 0 { t(lr<il)l (K, t) is a triangulation of X}, 
where Ki is the i-dimensional skeleton of K. Thus, Zi(X) is a closed subpolyhedron of X. 
Moreover, for every i the difference Zi(X) - Ii- r(X) is a pl manifold of dimension i. Hence, 
by the part 2 of the definition of the intrinsic dimension, the filtration 3(X) = {Zi(X)} is a pl 
stratification of X (for more details on intrinsic stratifications ee [l]), 
If c(N) is an open cone over a pl manifold N and X is a locally trivial filtration over 
a pl-manifold M with fiber c(N), then 
8 for k < dim(M) 
M for dim(M) < k < dim(X) 
X for k = dim(X). 
In particular, if M is a pl manifold of dimension n, then Z,(M) = M and Z,(M) = 0 for 
k < dim(M). 
2. INTERSECTION HOMOTOPY GROUPS 
In this section we define and study properties of intersection homotopy groups of 
finitely filtered spaces. As it was pointed out in the introduction, intersection homotopy 
t In this paper, the dimension of a space is indicated by a subscript, and a codimension of a subspace is indicated by 
a superscript. 
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groups are defined in the context of finitely filtered spaces, because later on they will be 
applied to infinitely dimensional spaces equipped only with finite filtrations (not stratifica- 
tions). 
2.1. Intersection homotopy groups of filtered spaces 
Recall that a perversity is a function fi:Z+ + Z+ so that for every k 2 0 
j?(k) 6 P(k + 1) < 8(k) + 1. 
A perversity ~7 satisfying the condition p(O) = p(1) = p(2) = 0 will be called the s~u~~~r~ 
peruers~ty. 
Goresky and MacPherson defined in [4] the perversity jj intersection homology of 
a stratified polyhedron (X, {X”}) as the homology of a complex of pl chains < satisfying for 
every s > 0 the perversity @ conditions 
dim(l< 1nX”) < dim 5 - s + p(s) 
dim([a[lnX’) s dim(@) - s + j7(s). 
Intersection homotopy groups will be defined in the analogous way. 
Let P be a polyhedron of dimension k and let X be a space with a finite filtration 
x:x=x*3x13*** xX”30, 
A continuous map f: P -+ X is p allowable with respect to X if for every skeleton X” of X the 
subset f- ‘(X’) is contained in a subpolyhedron of P of dimension less than or equal to 
k - s + p(s). In the sequel, we will sometimes abuse the notation and write 
dimf- r (X’) d m instead of saying that f- ‘(X”) is contained in a subpolyhedron of P of 
dimension less than or equal to m. 
Let A4 be a pl manifold of dimension k. A continuous map f: M -+ X is of perversity 
p with respect to a~~trfft~o~ X of X, or perversity p (rel X), iffand its restrictionfldM to the 
boundary CAM of Pn are both p allowable maps with respect o 3. Two maps jo, fi : M --+ X 
are ~-homotopi~ if there is a homotopy F: M x I + X between f. and fi which is a perversity 
p map. 
Let X be a filtered space with a base point x contained in the top-dimensional stratum 
X0 - X1 of X. The kth perversity p intersection homotopy group Ignnk(X, x) of X consists of 
p-homotopy classes of perversity p maps (S,, s) -+ (X,x), where s is the south pole of the unit 
sphere Sk of dimension k. 
The addition of elements of Ztirck(X, x) is defined as in the ordinary homotopy groups. It 
is well defined (it preserves the perversity p condition), because the base point x of X is in the 
top-dimensional stratum of X. 
When working with different filtrations of a space it is convenient o specify with respect 
to which filtration the intersection homotopy groups are computed. In this situations the 
perversity p intersection homotopy groups of a filtered space (X,3) will be denoted by 
I, n*fX, 3). 
Examples. 
1. Let M be a pl manifold with the trivial filtration %I = (8 c M} and let (X, 3E) be 
a filtered space. For every perversity jj and a nonnegative integer k 
IS,nk(X x M) z lpzk(X) x n,(M) 
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where X x M is equipped with the product filtration 
xxfm: ~cX”xMcX”-‘xMc~-+ cX’xMcXxM. 
2. Let 3 be a filtration of X of length n, then for every perversity p and a non-negative 
integer k 
@kW)) z 
Iprck(X) for k < n - j(n + 1) 
o for kbn-p(n+ 1). 
3. Let X be a polyhedron of dimension ~1, with a finite set C of isolated singularities. 
Define a stratification 
so that Xi = f: for i < n. Then 
1 
%(X - C) for k + 1 - n + p(n) < 0 
Ifink E im(rck(X - C) -+ Q(X)) for k + 1 - n + p(n) = 0 
? for k + 1 - n + p(n) > 0. 
4. Let X be the wedge product (sI V S,,,,*) cf ((Sl@$,J/st Y s2, [sl]) of two pointed 
spheres (S,, si) and (S&s,) with I >, m > 2. X carries the following stratification: 
fi 3= 5, V S,,, 2 $5, XI * 
{ 
when 1> m 
s, v s, 3 * when 1= m. 
Let us choose a base point s of sir V S, in sI -*. If ~7 is a standard perversity, then 
Example 3 shows that fprrl(X) g 0. Suppose k 3 2 and let f: !?& + St V S, be a map of 
perversity p. That is, 
dimf-‘(*)dk--I-tp(l)<k-2. 
The Alexander duality and the last inequality imply that 
A,(& -f-l(*)) z r7*-‘(f-l(*)) = 0, 
That is, Sk -f-i(*) is connected. Therefore, f)9r_f-l(N) sends sSk -f-l(*) into one of the 
connected components of (C%‘I V S,) - *. Iffis a pointed map, that is it sends a base point of 
.$& into the base point of .S+ V S,,,, thenfl,,_s-IC,, sends s’k -f - ’ (*) into SI - *. Therefore, 
f factors through a mapf: !& -+ S1 and the inclusion $ -+ S, V S, where 
dim?-‘(*) < k - I+ p(2). 
By the stratified simplicial approximation theorem (see Theorem 2.8) we can assume f is 
a pl map. The general position theorem for pl maps implies that f is homotopic to 
a nondegenerate pl map g so that 
dim g-i(*) < k - 1. 
Applying the same arguments to maps Dk+’ -+ Sl V Sm we see that for every standard 
stratification p 
l,n#$ v .%+,,) 2 I$&($) % n,#%jl). 
5. Let A4 and N be pi manifolds of dimension m and let V be a submanifold of 
codimension greater than or equal to two in both M and N. Using the same arguments as in 
Example 4, one can show that the space X obtained by gluing M and N along I/ has the 
intersection homotopy groups isomorphic to the ordinary homotopy groups of M 
Ifin,(Mu” N) 2 nk(M) 
if we choose a base point of X to lie in M. 
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Consider, for example, .!5’4vg2 & and @[FD2uD, s4, where !Z& in CP, is identified with 
CPi. Note that these spaces are homotopy equivalent, but their intersection homotopy 
groups are not isomorphic if we place the base points in the first components of these 
spaces. Thus, intersection homotopy groups are not homotopy type invariants. 
For every pointed finitely filtered space (X, x) and perversity p the perversity p funda- 
mental group IPz1 (X,x) of X acts on the perversity p homotopy groups IB7r*(X,x) of X. 
Actually, suppose f : (D 1, 80 i) + (X, x) represents an element M of I, rci (X, x). That is, for 
every s 2 0 
dim f - i (X’) 6 1 - s + p(s). 
Consider the composition 
f 
Di X&-i2 Di-X. 
Since fo prl sends (aDi) x s’k_ 1 into x it extends to a map f: (S,, s) +(X,x). Note that 
dim f- ’ (X") < k - s + p(s). 
Hence, to fwe can assign its fi-homotopy class a. 
For every j E I,n, (X, x) the action of o! on p is given by the formula 
Using the same as above arguments one can show that the action is well defined, that is for 
every pair fO, fi : S1 + X of p-homotopic maps the induced maps &,fi : !& + X are 
p-homotopic. 
In order to establish other properties of intersection homotopy groups it will be 
convenient to rewrite their definition in terms of the simplicial set theory. Our basic 
reference for homotopy theory of simplicial sets is [lo]. 
Let 
be the standard k-simplex in R,+ 1. A singular k-simplex of a topological space X is 
a continuous map o:A, -+ X. Let S,(X) be the set of all singular k-simplices of X. The 
graded set S(X) = US,(X) becomes a simplicial set if we define face operators 
ai:S,(X)+S,-i(X), 0 <i 6 k 
by 
diCT(to, ... ,tk-l) = 0(to> ... ,ti_l,O,th ... ,tk-l) 
and degeneracy operators 
s~:&(X)+S~+~(X), 0 d i < k + 1 
by 
SiO(to, ... ytk+l) = O(t()y ... ,ti +  ti+l, t . . . . kfl. ) 
The simplicial set S(X) is called the singular complex of X. 
Let X be a filtered space. A singular simplex 0: Ak + X is of perversity ~7 with respect to 
a @ration X of X, or perversity j (rel X), if (T and all its faces di, 0 8i2o 1.. 08,,(a) are 
fi allowable with respect o 3E. It is easy to see that if G is a perversity p (rel 3E), then every 
degenerated simplex sj, 0 sj, 0 . . . 0 Sj,([T) is of perversity p (rel X). Hence, all perversity p (rel3E) 
singular simplices of X constitute a simplicial set Z,S(X) that will be called the perversity 
p singular complex of thefiltered space X. Sometimes, in order to specify a filtration X of X, 
with respect o which the complex Z,S(X) is computed, we will write I,S(X,X) for I,S(X). 
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Note that for every filtered space X the complex Z,S(X) satisfies the Kan extension 
condition. That is, if V(k, i) is the union of all but the ith (k - l)-dimensional faces of Ak and 
Q: V(k, i) ---) X is a continuous map so that its restriction to every simplex is a perversity 
p map, then 0 extends to a perversity p singular k-simplex. The required extension is 
obtained by the composition of c with the radial projection ri:Ak + V(k, i) from the 
baricenter of the ith face of Ak. The map ~0 ri is a perversity p singular simplex because for 
every subpolyhedron P of V(k, i) the inverse image r;‘(P) is of dimension dim P + 1. 
Since Z,S(X) satisfies the Kan extension condition, it makes sense to define the 
simplicial homotopy groups of this complex. Directly from the definition of simplicial 
homotopy groups it follows that for every perversity p and every k > 0 there is an 
isomorphism 
Z@R/JX,X) E 7c,(Z,S(X),Z~S(x)) 
which is an intersection analogue of the classical isomorphism 
%(X3 x1 g Q(S(X), S(x)). 
If X is a stratified polyhedron, then the complex Z,S(X) is an intersection analogue of 
S(X). Actually, we have the following result. 
THEOREM 2.1. For every strati~ed polyhedron X the topology groups of the cu~ple~ 
I,S(X) are isomorphic to Goresky-~acP~erso~ intersection pl topology of X 
H,(I,S(X); Z) 2 1,&(X; Z). 
Theorem 2.1 can be proved in exactly the same way as an analogous statement for 
King’s singular intersection homotopy [8]. 
Since the homology groups of the complex Z,S(X) are isomorphic to the simplicial 
homotopy groups of the free abelian simplicial set AG(ZBS(X)) generated by the elements of 
Z,S(X) 
Z&(Z,S(X); Z) E ~~(~G(Z~S(X))) 
the natural inclusion 
Z,S(X) -, AG(Z,S(X)) 
induces for every p and k > 0 the Hurewicz homomorphism 
Zjnk(X) = QZ$(X)) -+ Q(AG(Z$(X))) 2 Z,H,(X;Z). 
Let 1 < k < n. If Ifink = 0, then by the Hurewicz Theorem for simplicial sets there is an 
isomorphism 
Z,?c”(X) z Z,H,(X; E). 
If f: X -+ Y is a cofiltered map, then f induces a morphism &:Z,S(X) --, Z,S(Y) of 
simplicial sets, and hence, also a homomorphism of corresponding homotopy groups 
f*:f,~~(X,x)-,la~k(Y,Yf. 
Two of the most important properties of ordinary homotopy groups are long exact 
sequences for pairs and fibrations. Now we will show that intersection homotopy groups 
have analogous long exact sequences. 
A pair (X,A) is called a filtered pair if the embedding map i:AqX is cofiltered. For 
example, if U is an open subset of X, then (X, U) is a filtered pair. If x E X, then (X, x) is 
a filtered pair if and only if x E reg(X). A triple (X, A, B) is called ajiltered triple if both (X, A) 
and (A, B) are filtered pairs. 
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Note that if (X, A) is a filtered pair, then Z,S(A) is a simplicial subset of Z,S(X). More 
generally, if (X, A, x) is a filtered triple, then (IFS(X), Z,S(A), Ids(x)) is a triple of simplicial 
sets and we can define the kth perversity ji intersection homotopy group ZFq(X, A, x) of 
a filtered triple (X, A, x) as the kth simplicial homotopy group of the simplicial triple 
(Z$(X), Z,S(A), Z,S(x)). The elements of the group Zprck(X, A, x) can be identified with the 
relative Z?-homotopy classes of perversity p maps (ID,, d&, s) -+ (X, A, x) where s is the south 
pole of the sphere dDk. 
For every Kan triple (T, S, Y) there is a long exact sequence of homotopy groups 
. . . ~~~(S,v)--*n~(T,u)-tn~(T,S,v)-t~~-,(S,u)-+ I*. 
Hence, for every filtered triple (X, ,4,x) there is a long exact sequence of intersection 
homotopy groups 
... 4,~(A,x)+Z~n~(X,x) -tZ,71k(X,A,~)~Zp71k_1(A,~)-$ ... 
Now we will define an intersection counterpart of the notion of Serre fibration. Our 
definition is motivated by the fact that a continuous map K: E -+ B is a Serre fibration if and 
only if the induced simplicial morphism S(~):S(~) + S(B) of singular complexes is a sim- 
plicial ~bration. The above equivalence follows directly from the definitions of Serre and 
simplicial fibrations. Recall that a simplicial map rc: T + S is a sim~liciu~~~rution if 2r is 
a surjection and for every k 2 0 and 0 Q i < k the extension problem 
A[k]‘- S 
has a solution G, where A[k] is the standard simplicial k-simplex, and A[k, i] is the 
simplicial subset of A[k] generated by the simplices 
d&$, . . . ,~i-1@k3ai+lgkr . . . ,akGkr 
with bk being the non-degenerated k-simplex of Ark]. 
A map 71: E + B of filtered spaces will be called a jlteredjbration if for every perversity 
~7 it induces a simplicial fibration 7~~ :Z,S(E) -+ Z,S(B). Equivalently, x: E + B is a filtered 
fibration if it induces a surjective map TC~:Z,S(E) + IFS(B) and for perversity p maps 
G: Ak -+ B and g: V(k, i) + E, where V(k, i) is the geometric realization of A[k, i] (that is, the 
union of all but the ith (k - l)-dimensional faces of A& the extension problem 
V(k,i)--L E 
I 
/* 
/ /’ ‘6 I 
A 
A,‘- S 
G 
has a solution G, which is of perversity Is with respect o the filtration of E. 
Since a simplicial fibration of Kan complexes induces a long exact sequence of 
homotopy groups, for every filtered fibration rc: E + B there is a long exact sequence of 
intersection homotopy groups 
... -+ nk(fib(Q) -+ ZPn,(E, e) -+ ZFzk(B, b) + 7(k_ l(fib(nP)) -+ ..I 
where fib(xQ) represents the fiber of n,:ZP S(E) + IFS(B). 
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THEOREM 2.2. Let rr: E --f B be a filtered fibration so that for some b E reg(B) the fiber 
F = K- l(b) is altered subs~a~e of E. Then there exists a long exact sequence of intersection 
homotopy groups 
..a ~Z~~~(F,e)-,Ii,n,(E,e)-,Zgn,(B,b)~Z,~,_,(F,e)-r ... (3) 
The proof of Theorem 2.2 is exactly the same as the proof of the existence of long exact 
sequences for Serre fibrations. 
THEOREM 2.3. Let n:E -+ B be a locally trivialjbration with a jber F and let E, B and 
F be filtered by CZ = {ES},23 = (B”}, and 5 = {F”), respectively. if for each b cz B there is 
a neighborhood U of b in B and a trivialization cp: x-‘(U) -+ U x F so thatfor every s & 0 and 
U” = UnB” 
&n-‘(U)nES) = U”x FuU x F”, (4) 
then 71 is afilteredfibration. Moreover, iffor some b dreg thefiber F = n-‘(b) is afiltered 
subspace of E, then the sequence (3) is exact. 
The following corollaries are straightforward consequence of Theorem 2.3, 
COROLLARY 2.4. If M is a pl manifold and c(L) is a cone over afiltered space L, then every 
locally trivial$bration Z: E --f M with$ber c(L) is ajlteredjbration with respect to the trivial 
filtration of M and ajltration of CF. = (E”j of E so thatfor every open subset U of Mfor which 
n-‘(U) is isomorphic to U xc(L) the intersection E”nn-‘(U) is isomorphic to U xc(L)“. 
COROLLARY 2.5. Let X be a stratzjied polyhedron and let F be a pl manifold. Then every 
locally trivial fibration 7~: E--+X with fiber F is a filtered fibration with respect to the 
stratification of E induced by 7t. 
In particular, if a: E + X is a covering, then it is a filtered fibration. 
Example 6. Let M be a smooth simply connected manifold of dimension n and let X be 
the quotient (M x S’)/(M x *). 
From Example 3 we have 
Z@?r,(X) z
i 
n&W) for k - n + p(n + 1) < 0 
o 
for k - n + P(n + 1) = 0. 
The intersection homotopy groups of X for k - n + j?(n + 1) r 0 can be computed 
using the universal covering li7 of X which is obtained from M x R by collapsing every copy 
of M x n for n EZ to a point * x n. The long exact sequence of a filtered fibration 3 + X 
implies that for k > 2 
I,n,(X) 2 l&S). 
Using the same arguments as in Example 4 we easily see that for k - n + @(n + 1) > 0 
I,&) r ~~~~(~M), 
where EM is the suspension of M. For example, for M = S, 
I 
VC(%) for k-n+p(n+l)<O 
Z,?&(X) g 0 for k - n + P(n f 1) = 0 
r~&,+~) for k - n + P(n + 1) > 0. 
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Proofof Theorem 2.3. First note that for every singular simplex rr: Ak -+ E of perversity 
~7 (rel6) there is a triangulation T of Ak so that for every simplex A of T there exists an open 
subset U of B so that c(A) c C’(U) and n-‘(U) has a trivialization satisfying the 
condition (4). Moreover, the triangulation T can be chosen so that the restriction ~1~ is of 
perversity p (rel (5). Every such triangulation will be called tria~g~~ut~Q~ ofo tra~sve~su~ ro E 
The triangulation T can be obtained from an arbitrary triangulation S of Ak by moving the 
skeleta of S into a general position with a pl filtration {A”} of A\k so that (T- ‘(Es) c A”. This 
can be done by induction on the dimension of the skeleta of S. 
LEMMA 2.6. Let n: E --+ B and tp: nn- ‘(U) -+ U x F be as in Theorem 2.3. Then a si~galur 
simplex o:AL\, -+ 7t-1 (U) is of perversity p (rel (5) if and only if the sirnplices z1 0 q 0 CT and 
x2 0 cp 0 (T me of perversity p with respect to ‘23 and 5, respectively, where 
x1 : U x F --+ U, 7t2: U x F -+ F are the standard projections. 
Proo$ The proof follows from the sequence of equalities 
o-‘(7c-‘(U)nE”) = ( q7~a)-‘(cp(n-1(U)nEs)) 
= (pea)-“(U’x FuU x F’) 
= (~~,c~~)-~(tPx FuU x F’) 
= ((TI)-yUs)u(fJ2)-yFS), 
where gi = 7EioqoO for i = 1,2. 0 
The projection n will induce a map na :i,S(E) + Z,S(B) if for an arbitrary perversity 
p (rel @) simplex a:Ak -+ E the composition x 0 c is of perversity p (ml 23). Let T be 
a triangulation of o transversal to (5. For every A E T the restriction 01~ is a perversity p (rel 
t%) simplex that sends A into some n-l (U) that admits a trivialization satisfying condition 
(4) of Theorem 2.3. Hence, by Lemma 2.6, the map nl 0 40 *CTI* is of perversity p (rel b). Since 
this is true for every A E T, the map xl 0 cpo B = n err is of perversity p (rel ‘$3). 
Now we will show that rcI :I,S(E) -+ Z,S(B) is surjection. Let c EZ~S(E). Again, by 
referring to a triangulation of o transversal to B, we can reduce the construction to the case 
where c is a perversity $ (rel %) singular simplex, sending Ak into some U, so that the inverse 
image R- 1 (U ) admits a trivialization 40 satisfying condition (4) of Theorem 2.3. Let z be the 
constant singular k-simplex mapping Ak into a nonsingular point of F. Then, by Lemma 2.6, 
cp -’ o(a,z) is the required lifting of o to a perversity p (rel @) singular simplex of E. 
Now we will show that for maps G: Ak -+ B and g : I/(/c, i) -+ E of perversity p with respect 
to b and (E, respectively, the extension problem 
has a solution G that is of perversity p with respect o @. 
Using again an appropriate triangulation T of Ak one can reduce this problem to 
the one in which the fibration 7~: E --f B is trivial. Therefore. we have to consider the 
950 
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V(k,i)L U x F 
r\ /’ I 
I /’ /’ I A , G 
d,‘- u 
G 
Let r be a linear projection from the ith face of Ak onto V(k, i). Define G = (G, rcn2 0 g 0 r), 
where 7c2 : U x F + F is the projection on the second factor. The map G makes the diagram 
(5) commute, so one has to only check that it is of perversity p (rel @); that is, that the inverse 
image G- ‘((U x F)“) is contained in a subpolyhedron of Ak of dimension less than or equal 
to k - s + p(s). We have the following sequence of equalities: 
G-‘((U x F)“) = G-‘(U’x FuU x F”) = G-‘(U”)u(rc2~g~r)-‘(F”) 
= G-‘(U”)ur-‘~g-l oz;‘(F”) = G-‘(U”)ur-log-‘(U x F”). 
By the assumption, g is of perversity p. Hence, g- l(U x F”) is contained in a subpolyhedron 
of V(k, i) of dimension 6 k - 1 - s + p(s). The retraction r has the property that for an 
arbitrary subpolyhedron P of V(k, i) of dimension 1 the inverse image r- ‘(P) is of dimension 
1 + 1. Hence, r-lo g - ‘(U x F”) is contained in a subpolyhedron of Ak of 
dimension < k - s + p(s). Finally, G is of perversity p and therefore G- '(US) is contained in 
a subpolyhedron of Ak of dimension d k - s + p(s). 0 
2.2. Intersection homotopy groups of stratified spaces 
2.2.1. Inoariance of intersection homotopy groups. Goresky and MacPherson proved in [5] 
(see also [S]) that their intersection pl homology of a stratified polyhedron X depends only 
on the homeomorphism type of X. It is natural to conjecture that the same is true for the 
intersection homotopy groups. We will show that the intersection homotopy groups of 
a stratified polyhedron X depend only on the pl structure of X, and, under certain extra 
conditions, they are homeomorphism invariants of X. 
The pl invariance of the intersection homotopy groups of a pl stratification is a conse- 
quence of the following theorem. 
THEOREM 2.7. Let (X,x) be a stratified polyhedron and let 3(X) be the intrinsic pl 
stratification of X. Then the natural homomorphism 
Lr3n*(X,W+L,71*(X,3(X)) 
is an isomorphism. 
The proof of Theorem 2.7 is based on the stratified general position theorem for pi maps 
and the filtered simplicial approximation theorem. 
THEOREM 2.8 (Stratified general position for pl maps). Let f: X + Y be a pl map, B c A 
a pair of subpolyhedra of Y, and ‘I) a pl stratification of Y. Then there exists a pl isotopy h of 
Y so that for every stratum S’ of ‘I, we have 
codimJ-l,l,f-‘(AnS’) 2 codimslAnS’, 
where f = hI of Moreover, if 
codimf~1(,1,f-‘(BnS’) 2 codimslBnS’, 
then h can be chosen to fix B. 
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Theorem 2.8 can be proved as follows. First, move the image offin every stratum S’ of 
VJ to a general position with B (using McCrory’s stratified general position theorem for 
subpolyhedra). Then, triangulatef, and use the fact that every linear epimorphism preserves 
the codimension of linear subspaces. 
THEOREM 2.9 (Filtered simplicial approximation theorem). Let X = {X”} and 9 = {Y”} 
be plhltrations of polyhedra X and Y, respectively, and let f: (X, 3E) -+ (Y, g) be a continuous 
cofiltered map. Then there is a simplicial approximation g: K --t L off so that g-‘(L”) c K”, 
where K” and L” are subcomplexes of K and L, respectively, so that /KS1 = X” 
and IL”1 = Y”. 
Proof: Let K and L be triangulations of X and Y, respectively, compatible with the 
filtrations 3E and 9. That is, K and L have filtrations by subcomplexes 
0 c K” c K”-’ c . . . c K’ c K” = K 
QjCLmcLm-lc... cL’cLO=L 
so that [KS1 = X” and IL”1 = Y” for every s > 0. Note that for every s > 0 we have the 
following equalities: 
x\xs = u st(u), Y\YS = (J st(v), 
tJcC(KS,K) VGC(LS.L) 
where St(u) denotes the open star of the vertex v and C(K’, K) = {A E K: IAlnlK’l = 0> for 
any subcomplex K’ of K. 
Since f is a cofiltered map, for every s > 0 we have an inclusion f (X\X”) c Y \YS. The 
standard baricentric subdivision argument assures the existence of a subdivision 
(K,,K;,K; ,..., K;)of(K,K’,K’,... , K”) so that for every s b 0 and v E C(K”,, K,) there 
exists g(v) E C(L”, L) so that f (St(v)) c st(g(v)). 
Note that A Ed-’ if and only if for every vertex u of A the image g(v) is in L”. From 
the construction of g it follows that every A Eg-‘(LS) has no vertex in C(K”,, K,). Therefore, 
for every s > 0, g-‘(L”) c K”,. 0 
Proof of Theorem 2.7. By the filtered simplicial approximation theorem, we can assume 
that all perversity p singular simplices are pl maps. 
Let X be a pl stratification of X. The proof is by an induction on the dimension of skeleta 
xi of 3E. 
Let 0 : A, + X be a singular simplex (that is a pl map) of perversity p with respect o the 
intrinsic pl stratification 3(X) of X. Suppose that c has been already modified so that for 
every k > i we have 
dim(a)- ‘(Xk) < n - k + p(k). 
By the stratified general position theorem for pl maps, there exists a pl isotopy h of X so that 
h fixes Xi+’ and 
dimg-‘(Xi&) < dime?-‘(S’) + dimXi& _ dims’ 
d n -j + p(j) + (dimX - i) - (dimX -j) 
G n - i + p(j), 
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where 0 = hi 0 c and Sj denotes the codimension j intrinsic stratum of 3(X). From the 
definition of the intrinsic stratification it follows that Sk c S’uS’-iv... US’. Therefore, 
dima”-’ = Z-‘(S$+S’uS’-‘u... US’)) 
= max dimK’(X’nSj ) 
O<jCi 
= max (n - i + p(j)) 
O<j<i 
< n - i + P(i). 
Since Xi = S:uX’+‘, we have 
dime”-‘(Xi) d max{dimK’(Sg),dimK’(Xi+‘)}. 
From the induction hypothesis 
and hence 
dime?-‘(Xi+‘) = dime-‘(Xi+‘) < n -(i + 1) + p(i + 1) 
dim K’(Xi) < max{n - i + p(i), n - (i + 1) + p(i + l)}. 
From the definition of perversity p(i) + 1 3 p(i + l), therefore 
dim a”-‘(Xi) < max{n - i + p(i), n - (i + 1) + p(i + 1)) d n - i + p(i). 
Hence, every pl representative 0: (A,, aA,) + (X,x) of I, rr* (X, 3(X)) is homotopic to a pl 
map 6 that is of perversity p with respect o X. Since h fixes the strata of 3(X), the homotopy 
cr 0 h, between e and 6 is of perversity p with respect o 3(X). 
Thus, we have proved that the map 
I,n*(X,X) -+ I,n*(X,3(X)) 
is an epimorphism. The monomorphism is proved in a similar way. 0 
The conjecture on homeomorphism invariance of the intersection homotopy groups of 
a pl stratification is supported by the following result. 
THEOREM 2.10. If X is a stratijied polyhedron X so that I, nl (X) = 0, then the intersection 
homotopy groups Zgz*(X) depend only on the homeomorphism type of X. 
Proof: Let Yp(X) denote the coarsest cone-like stratification of X [S]. Since Yap(X) 
coarsens every cone-like stratification 3E of X, the identity map of X is a cofiltered map with 
respect o 3E and 3’“p(X). Hence, it induces a simplicial map 
i: Z,S(X, X) -+ Z,S(X, 3’“p(X)), 
and a homomorphism 
i:ZBx*(X, X) + Z,7c*(X,PP(X)). 
It is easy to see that if 18rrl(X,3E) = 0, then for every coarsening 3’ of 3E we have 
Zprrl(X, 3E’) = 0. In particular, Z,rrl(X,ZItop(X)) = 0. By the topological invariance of the 
singular intersection homology and the Hurewicz theorem for simplicial sets [lo], the 
homomorphism i, is an isomorphism. 0 
An easy consequence of Theorem 2.10 is the following result. 
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COROLLARY 2.11. Zf a polyhedron X admits a pl stratification X so that the fundamental 
group of the regular stratum of X, is trivial, then for every cone-like stratification JE’ that 
coarsens 3E there is an isomorphism 
1@71,(X,3E) + Z,rt*(X,X’). 
In particular, the intersection homotopy groups I, x*(X, 3’) depend only on the homeomor- 
phism type of X. 
2.2.2. Functoriality of intersection homotopy groups. A continuous map f: X + Y is called 
pl placid if there are pl stratifications 3E, 9 of X and Y, respectively, so that f - ‘(Y k, c Xk 
for every k 3 0 [6]. 
LEMMA 2.12. The following conditions are equivalent: 
1. f: X -+ Y is a pl placid map. 
2. There exists a pl stratij?cation 3E = {Xk) of X so that for every k 2 0 one has 
f _‘(Zk(Y)) C Xk. 
3. For every k B 0 the inverse image f - ‘(Zk( Y )) is contained in a subpolyhedron of X of 
codimension greater than or equal to k. 
4. There exists a pl stratification 9 = { Y “} of Y so that for every k 2 0 the inverse image 
f - ‘(Y “) is contained in a subpolyhedron of X of codimension greater than or equal to k. 
The proof of Lemma 2.12 is an easy exercise. 
From the definition of intersection homotopy groups it follows that every pl placid map 
f : X -+ Y induces a homomorphism fx, y: I, n,(X) + Zprr,( Y). Since for every pl stratifica- 
tion 3E of X the simplicial map ix:Z,S(X,X) -+ Z,S(X, 3(X)) induces an isomorphism of 
homotopy groups, we define the pl intersection homotopy groups Zpz*p’(X) of a polyhedron 
X as the intersection homotopy groups ZBrr* (X, 3(X)). For every pl placid map f: X + Y 
a homomorphism 
f*:Z&~(X)+Z&~(Y) 
is given by the composition 
It is easy to see that the homomorphism f, does not depend on the choice of the pl 
stratification of X and Y. 
The composition of two pl placid maps is not necessary pl placid. Thus, polyhedra and 
pl placid maps do not form a category. There are basically two approaches to cure this 
problem. We can either look for a subclass of pl placid maps that is closed under the 
composition, or impose certain equivalence relation on pl placid maps that will make their 
equivalence classes closed under the composition. 
We say that a map f :X + Y is pl allowable if for every k B 0 we have 
f - ‘(Zk(Y)) c Zk(X). It is obvious from the definition of pl allowability that every identity 
map is pl allowable, and the class of pl allowable maps is closed under the composition. It is 
also easy to see that if f: X + Y and g : Y -+ Z are pl allowable, then (g of ), = g* of,. Thus, 
pl intersection homotopy groups constitute a functor on the class of polyhedra and pl 
allowable maps. 
Directly from the definition of intrinsic pl skeleta it follows that a map f :X -+ Y is pl 
allowable if and only if for every y E Y and x of- r(y) there is an inequality 
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c&,X) 2 cd& Y), where cd(x,X) = dim(X) - d(x, X). Thus, pi allowability is a local 
property. 
Examples. (1) Let M be a pl manifold and let X be an arbitrary polyhedron. Every map 
X -+ M is pl allowable, but f: M + Y is pl allowable if and only if the image f(M) is 
contained in the nonsingular locus of Y. 
In the next example we will see that every normally nonsingular pl map [3,7] is pl 
allowable. 
(2) A pl em~dding i: Y +X is pl allowable if for every k > 0 we have 
Ik(Y) 1 Ik(X)nY. 
A pl embedding i: Y -+X is called a normally nonsingular inclusion if Y has an open 
neighborhood N in X and a retraction Y: N + Y which is a pl vector bundle over Y. Directly 
from the definition of the normally nonsingular pl embedding it follows that 
Ik(Y) = Ik(X)n Y. Hence, every normally nonsingular pl embedding is pl allowable. 
A pl fiber bundle p: E + B is a normally nonsingular fiber bundle if its fiber is a pl 
manifold. Since the fiber of a normally nonsingular fiber bundle p: E + B is nonsingular we 
have p- ‘(lk(B)) = Zk(E). Hence, every normally nonsingular pl fiber bundle is pl allowable. 
A normally nonsi~gulur pl map is one that can be factored as a composition of a normally 
nonsingular pl embedding followed by a normally nonsingular pl fiber bundle. Since every 
normally nonsingular pl embedding and fiber bundle is pl allowable the same is true for 
every normally nonsingular pl map. 
Remark. PL allowable maps have their counterparts in other classes of stratifications. 
For example, we say that a map f: X + Y of cone-like stratified spaces is allowable if for 
every k > 0 we have f-l(l:bp( Y )) c I&,(X), where IFO,(X) is the codimension k skeleton of 
the coarsest cone-like stratification of X. If intersection homotopy groups (on the class of 
cone-like stratifications) are homeomorphism invariants, then they constitute a functor on 
the class of cone-like stratified spaces and allowable maps. 
The class of pl allowable maps forms a subclass of pl placid maps. Therefore, it is better to 
view pl intersection homotopy groups as a functor on the class of pl placid maps, modulo 
certain equivalence relation. 
We say that mapsf& fi :X -+ Y are pl placid homotopic iffo andf, are homotopic by a pl 
placid map. Let [f], denotes the pl placid homotopy class of a pl placid map f and let 
[X, Y], be the set of pl placid homotopy classes of pl placid maps from X to Y. 
THEOREM 2.13. PL intersection homotopy groups constitute afunctor on the class 9 of 
polyhedra and pt placid homotopy classes of pl placid continuous maps. 
Proof First, we have to prove that 9 is a category. It will be shown the class 99 of 
polyhedra and pl placid homotopy classes of pl placid pl maps constitutes a category, and 
there is a bijective correspondence between pl placid homotopy classes of pt placid pl maps 
and pl placid homotopy of all (continuous) pl placid maps. The last statement is a conse- 
quence of the following lemma. 
LEMMA 2.14. Let X = (X”) and 2j = {Y”) be pl Jiltrations of polyhedra X and Y, 
respectively, and let f: (X, X) + (Y, 9) b e a continuous cofiltered map. Then there exists 
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a homotopy F off to a cojltered (with respect to X and 9) pl map so that for every s > 0 there 
is an inclusion F - ’ (Y “) c X” x I. 
Proof Let f and g be as in Theorem 2.9. We know that for every vertex u of K1 there is 
an inclusion f(st(u)) c st(g(u)). Hence, for every point x EX there is a simplex of L that 
contains both f(x) and g(x). Therefore, for every x E X the formula 
F(x,t) = t*g(x) + (1 - t).f(x) 
determines a homotopy between f and g. Note, that (x, t) E F- ‘( Y”) if and only if 
t.g(x) +(l - t)‘f(x)ELS and this implies that both g(x) and f(x) belong to a simplex 
of L”. Since fand g are cofiltered with respect o 3E and ‘$I the point (x, t) has to belong to 
X”xl. 0 
The bijection between B and 99 will be used to define a composition pairing on 9 with 
respect to which 9 and 89 become equivalent categories. Let [X, Y],, be the set of pl 
placid homotopy classes of pl placid pl maps between X and Y, and let 1 f IpP denote the class 
of a pl map f: X + Y in [X, Y],,. The following lemma shows that 99 is a category. 
LEMMA 2.15. There exists a pairing 
O: LX, Yl,,x CY,Zl,, + CX,Zl,P 
so that 
1. 0 is association. 
2. For euery a E [X, Y I,, we have ~10 [id&, = a = [idylpp o CC. 
3. ZffEaECX,YlppandgEBECY,Z1,, are so that the composition g 0 f is a pl placid pl 
map, then flea = Isof IpP. 
Proof: For any pair of placid pl maps f: X + Y and g : Y --f Z we will construct a placid 
pl map f’ : X + Y so that the composition g of’ is placid and f’ is pl placid homotopic tof: 
Then, it will be shown that the operation (f, g) ++ g 0 f’ induces the required composition on 
pl placid homotopy classes of placid pl maps. 
The proof is based on the following consequence of the stratified general position 
theorem for maps. 
LEMMA 2.16. If f: X -+ Y is a pl placid map, then for euery stratification ‘1) of Y there is 
a pl isotopy h of Y so that for every skeleton Y k of ‘2) 
codimx(hlof)-‘(Yk) > k. 
Proof. Let r) be an arbitrary pl stratification of Y. We will construct the required 
isotopy by an induction on the dimension of skeleta of 9. 
Let B and A, from Theorem 2.8, be equal to Y k+ ’ and Y k, respectively, and suppose that 
we have already constructed 5 so that for all s > k 
codim(h,~S)-~(S~)(KIOf)-l(AnS’) > codimsl(AnS’). 
There exists a pl isotopy h of Y so that for every I 2 0 
codim~,,.~,-l~sl,(h,~j)-‘(YknS’) > codimsl(YknS’), 
where f”= K, of, and S’ is a stratum of the intrinsic pl stratification of Y. 
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Since codim,z( Y knS’) 2 k - 1, we have 
codimC,l f,-~~~~,(h,of”)-‘(Y~nS”) 3 k - 1. 
Since h fixes stratifications, dimf”-‘(9) = dim& of”)-” (S’), and 
codimx(hi of”)-‘(YknS’) = codimxf”-‘(9) 
+ codimth,,,f)-~(s~)(hl ~f”)-~(Y~nS’f 2 1 + (k - 1) = k. 
Thus, codim&zi of”)-‘(Yk) > k. 
Repeating this process a finite number of times we get a pl isotopy h of Y so that 
f = h1 of is the required modification off: Since every pl isotopy preserves the intrinsic 
stratification of Y, the map h o( fx id) is pl placid. Thus, f’ is pl placid homotopic 
to f: cl 
Let us define the composition of the pl placid homotopy classes of pl placid pl maps 
CI E [X, Y],,, p E [Y, Z],, by the formula PO c( = [g oflpp where g E p and f’ is a pl map pi 
placid homotopic to f E c1 so that g of’ is pl placid. The existence of such f’ follows from 
Lemma 2.16. 
If ga, g1 E OL E [X, Y],,, then we write go wpp gl. In order to prove that the composition 
is well defined we have to show that: 
(if If go wpp gi and f& fi are modi~cations off so that go of0 and g1 ofi are pl placid, 
then go O.LO wpp gt oft. 
(ii) 1f.h wpp ft and fb, f; are deformations of f0 and fi, respectively, so that g of; and 
g of; are pl placid, then g of; wpp g of ;. 
Proof of (1). Let G be a pl placid homotopy between go and gl_ Applying our 
modification process to f x id: X x I -+Yxl and G:Yxl-+Z we get a pl placid map 
F:X~f~Y-tYxIsothatF,,~=~fori=O,l.ThecompositionG~Fistherequiredpl 
placid homotopy between goof0 and gi ofi. cl 
Proof of (2). Let F, Fo, F, be pl placid homotopies between f. and fi, fb and fo, and 
_fi and f ;, respectively. Applying our modification process to F,uFuF, and g we get the 
required pl placid homotopy. q 
The associativity and the property CI 0 [id&, = a = [i&l, 0 a follow directly from the 
definition of the composition operation. The last property of Lemma 2.15 is a consequence 
of the property (2). •1 
This ends the proof of the fact that g9, and hence 9, is a category. It is easy to see that 
every two pl placid homotopic pl placid maps induce the same homomorphism on 
inters~tion homotopy groups, and (PO CI)* = /3,0 a* for Q E [X, Y], and fl E [Y, Z], . 
Hence, pl intersection homotopy groups constitute a functor on 9. cl 
3. INTERSECTION PL HOMOLOGY THEORIES 
In this section we present a set of axioms of intersection pl homology theory. They are 
intersection analogues of the Eilenberg-MacLane axioms modified so that the functor 
Ip~* 0 AG (defined in the next section) is an example of intersection pl homology. 
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A modification of King’s intersection homology characterization theorem (see Theorem 10 
in [S]) gives a uniqueness theorem for theories satisfying the above axioms. 
A pair (X,A) of filtered polyhedra is called a closed pl filtered pair if A is a closed 
subpolyhedron of X so that for every skeleton Xk of X the intersection AnX” is the skeleton 
of A of formal codimension k. A closed pl filtered pair (X, A) is called a closed pl jiltered 
NDR pair if there exist: an open neighborhood U of A in X and a retraction r : U --f A so that 
for every i 2 0 there is an inclusion r(UnS:) c Sa, where S> and Sk are formal codimen- 
sion i strata of A and X, respectively. If (X, A) is a closed pl filtered NDR pair, then A is 
called a closed pl jltered NDR of X. 
Let 9%C9 be the category of closed pl filtered NDR pairs with morphisms strata 
preserving pl homeomorphisms and composition of embeddings AC-+X of closed pl filtered 
neighborhood deformational retracts. Let ‘9* be the category of graded abelian groups. An 
intersection pl homology theory is a family (indexed by perversities p) of covariant functors 
I$, : kTj%fF + g* and natural transformations I, & : I, Hk + I, Hk _ i 0 R, where R(X, A) = 
(A, 8), satisfying the following properties: 
(Al) For every filtered polyhedron X and an interior point b of A, the inclusion map 
X x bC-+X x A,, induces an isomorphism 
I, H,(X x b) + I, H,(X x A,,), 
where X x A,, is equipped with the product filtration. 
(A2) (Exactness axiom) For every closed pl filtered NDR pair (X, A) there is a long 
exact sequence 
... -Z,H,(A)-Z@,(X) 
li a, 
-Z,H,(X,A)- Z+,_,(A)- ... 
An inclusion j : (X, A)+ Y, B) of closed pl filtered NDR pairs is ajltered excision map if 
j lXiA is a filtration-preserving pl homeomorphism. 
(A3) (Excision axiom) Every filtered excision map j: (X, A)+ Y, B) of closed pl filtered 
NDR pairs induces an isomorphism 
I, H,(X, A) + I, H,(X, B). 
(A4) If X is a filtered polyhedron and Do c D1 c ... is a sequence of closed pl filtered 
NDR subpolyhedra of X so that X = u Di, then the natural map 
is an isomorphism. 
I$Z,H*(Di) + Z,H*(X) 
Examples. 
1. The Goresky-MacPherson oriented pl intersection homology [4] is an intersection 
pl homology theory. One can define an ordered pl intersection homology for pairs of 
ordered polyhedra and prove, using Theorem 3.1, its isomorphism with the oriented pl 
intersection theory. 
2. The Goresky-MacPherson sheaf intersection cohomology with compact support [S] 
is an intersection pl homology theory. 
3. The singular intersection homology, due to King (see [S]) is also an example of 
intersection pl homology theory. King defines a perversity p singular k-simplex of a filtered 
space X as a continuous map o:Ak + X so that a-‘(X8) is contained in a (k - s + j(s))- 
dimensional skeleton of Ak. 
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The following theorem is a modification of the characterization theorem for intersection 
homology theories on the class of topologically cone-like stratified spaces due to King (see 
Theorem 10 in [S]). 
THEOREM 3.1. Let cp: I, H, + I, Hi be a natural transformation of intersection pl homol- 
ogy theories so that 
(i) (P(Pt):I,H,(pt) -+ ZPH&(pt) is an isomorphism. 
(ii) If X is a filtered compact polyhedron and q(X): I, H, (X) + I, H i (X) is an isomor- 
phism, then cp(c(X)):Z,H,(c(X)) + Z,H’,(c(X)) is an isomorphism as well. 
Then cp(X):Z,H,(X) + I, H;(X) is an isomorphism for any pl stratified euclidean 
polyhedron X. 
In the next section we will show that every filtration X of a space X induces a filtration 
AC(X) of AC(X). Thus, to every filtered polyhedron X we can assign a family of the 
intersection homotopy groups I,rc*(AG(X),AG(X)). Theorem 3.1 is a corollary of the 
following result. 
THEOREM 3.2. The functor I,z* 0 AC defines an intersection pl homology theory and there 
is a natural transformation 
‘p* : I, H, -+ I, ?t* 0 AC, 
satisfying the conditions of Theorem 3.1. 
Proof of Theorem 3.1. The following proof is a modification of the proof of Theorem 10 
form [S]. 
Let I, H, be an intersection homology theory. The exactness and excision axioms imply 
the following Mayer-Vietoris principle. 
PROPOSITION 3.3. Let X be a filtered polyhedron and let A, B, AnB be subpolyhedra of 
X with the filtrations induced from X. If X = AuB and the pairs (X, B) and (A, AnB) are 
closed plJiltered NDR pairs, then there is an exact Mayer-Vietoris sequence 
Let cp: I, H, + I, Hi be a natural transformation from Theorem 3.1. First, we will show 
that from any compact pl manifold M with the trivial stratification the homomorphism 
q(M) is an isomorphism. 
By the axiom (Al) and the fact that cp(pt) is an isomorphism, for every n 2 0 the 
homomorphism q(A,) is an isomorphism. Using inductively the Mayer-Vietoris principle 
we can show that for every n-dimensional sphere S,, n > 0, the homomorphisms cp(S,) are 
isomorphisms. By the axiom (Al), for every n,m z 0, the homomorphism q(S, x A,) is an 
isomorphism. If M is a compact pl manifold with a handle decomposition 
HOuHzu... uHk, 
then for every i E { 1,2, . . , k} the intersection 
(H,,uH1u... uH~_~)~H~ 
is pl homeomorphic to S, x A,,,. Hence, by the Mayer-Vietoris principle the homomorphism 
q(M) is an isomorphism. 
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In a similar way we can prove that if q(X) is an isomorphism, then for any compact pl 
manifold M the homomorphism cp(M x X) is an isomorphism. 
Let X be a stratified polyhedron. The following part of the proof is by induction on the 
number of nonempty strata of X. A stratified polyhedron with only one nonempty stratum 
is a pl manifold, and we have proved that in this case Theorem 3.1 is true. 
Let X be a stratified polyhedron with i + 1 nonempty strata and let Y be the lowest- 
dimensional nonempty stratum of X. Then we may write 
X = (X\Y)U c Aj, 
j=O 
where each Aj is a filtered subpolyhedron of X filtered isomorphic to Mj x F(Lj), Mj is 
a compact pl manifold, and Lj is a stratified polyhedron withj or less nonempty strata. Let 
j-l 
Dj = (X\Y)u u Aj 
j=O 
and let Bj = AjnDj. It is easy to see that Aj is a closed pl filtered NDR of Dj and Bj 
(equipped with the filtrations induced from X). The homomorphism q(Bj) is an isomor- 
phism, because Bj is filtered isomorphic to iV x E(Lj), where N is a compact pl manifold and 
by inductive assumption q(C(Lj)) is an isomorphism. Applying the Mayer-Vietoris 
principle to the pair Dj, Aj we see that for every j 2 0 the homomorphism q(Dj+ 1) 
is an isomorphism. Hence, by the axiom (A4), the homomorphism q(X) is an 
isomorphism. 0 
4. PROOF OF THE INTERSECTION DOLD-THOM THEOREM 
Let .PP’ be the category of polyhedra with morphisms - continuous maps. The naive 
group completion AG of the infinite symmetric product functor SP constitutes a functor 
from 5%’ to the category of free abelian topological groups and continuous homomor- 
phisms [;?I. In Section 4.1 it will be shown that AG extends to a functor (that we will denote 
by the same symbol AG) from the category S%@ of closed pl filtered NDR pairs and strata 
preserving pl homomorphisms and compositions of embeddings of closed pl filtered 
neighborhood deformational retracts to the category of finitely filtered free abelian 
topological groups and continuous cofiltered homomorphisms. Thus, the composition 
Z,n, 0 AG is a functor from 9’69 to %*. 
In Section 4.2 we will show that ZPrc* 0 AG is an intersection pl homology theory and in 
Section 4.3 we will construct a natural transformation 
cp*:I,H, -+I,r+oAG 
that satisfies the conditions of Theorem 3.1. 
4.1. Lawson @rations 
The qth symmetric product SPq(X) of a space X is created from the q-product 
X4 = Xx . . . x X (q factors) by identifying points which differ only by the order of compo- 
nents. We denote by (xi, . . . ,x,) the point of SPq(X) determined by (x1, . . . ,x4) EX~. 
For example, the qth symmetric product SP(@P1) of the complex projective line CPi is 
homeomorphic to CP,. The homeomorphism is given by assigning to an unordered q-tuple 
Zl,ZZ, ... 9 zq of points of @P1 the unique homothety class of a homogeneous polynomial of 
degree q that vanishes at zl, z2, . . . , zq. 
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If X is a polyhedron, then the disjoint union V(X) = fl,,OSPq(X) is a topological 
abelian monoid with respect o the addition 
(X1,&, ... ,xq) + (Yl,YZ, ... ,Y,> “zf <-%x2, .‘. ,Xq,Yl,Y2, ... ,Y,>. 
In particular, 
(x1,x2, ... 3 Xq)=Xl+X2+‘.’ +Xq= iXi. 
i=l 
For example, SP(@Pi) can be identified with the disjoint union of homothety classes of 
homogeneous polynomials of different degrees. The addition in SP(@Pi) corresponds, 
under the above identification, to the multiplication of polynomials. 
A group completion of a monoid M is a group ii? together with a monomorphism of 
monoids M -+ A? satisfying the following universal property. For every group G and 
a monoid homomorphism a: M -+ G there exists a unique group homomorphism Z:i\;l + G 
so that the diagram 
commutes. If M is an abelian monoid with the cancellation law, then @ can be defined as 
the quotient of the product M x M with respect o the equivalence relation that identifies 
(m, n) with (m’, n’) if and only if m + n’ = m’ + n. 
For example, if M is the set of natural numbers, then its group completion is the group 
of integers. If M is the monoid of vector bundles over X, then ri;r is the Grothendieck 
K-group of X. 
In general, from the fact that M is a topological monoid it does not follow that A is 
a topological group, but for M = SP(X) with X being a polyhedron, the group completion 
AG(X) is a topological group. For a generalization of this statement see [9]. 
The elements of AG(X) can be represented in the form C ni. Xi, where ni are integers, 
only finite number of which is different from zero. It is convenient o think of the elements of 
AG(X) as functions from X to Z. Actually, to every formal sum s = 1 ni. Xi one can assign 
a function n, : X + Z so that 
n,(x) = C ni. 
x=x 
In the case of the complex projective line the group AG(CPr) can be identified with the 
space of homogeneous rational functions (of two variables over @) modulo the equivalence 
relation that identifies two functions that differ by a nonzero constant factor. The additon in 
AG(@Pr) is induced by the multiplication of rational functions. 
If X is a polyhedron, then AG(X) is a CW-complex (see Theorem 4.6 in [2]). Actually, if 
X is a polyhedron, then for every q > 0 the q-symmetric product SPq(X) is a polyhedron. 
The cells of AG(X) are images under the quotient map 
r] : SP(X) x W(X) ---) AG(X) 
of the interiors of simplexes of 
SP(X) x SP(X) = u SP4(X) x SP’(X) 
q.r>O 
THE INTERSECTION DOLD-THOM THEOREM 961 
all of whose points are nondegenerate, where a point 
((xi, xi, . . . ,x;>, (xi, x;, . . . ) xi)) E SPQ(X) x W(X) 
is degenerate if the sets {x;,x;, . . . ,xb} and {x;, xl;, . . ,xi} have a common element. 
A continuous map f: X -+ X’ induces a continuous homomorphism 
%: AG(X) -+ AG(X’) 
defined by the formula 
Moreover, the homotopy type of AG(X) depends only on the homotopy type of X. 
Let X be a polyhedron. If A is a closed subpolyhedron of X, then FIG(A) is a closed 
(normal) subgroup of AG(X) and we define AG(X,A) to be the quotient group 
AG(X)/AG(A) with the quotient topology. If A = 8, then FIG(A) can be identified with the 
neutral element 0 of AG(X) and we put AG(X,@) = AG(X). Let 
71: FIG(X) -+ AG(X, A) 
be the quotient map. The image n(x) of an element x of AG(X) in AG(X, A) will be denoted 
in the sequel by [x]. 
Let (X, A) be a closed pl filtered pair. A Lawson filtration 
AG(X,%) = {AG(X, 9I)“} 
of AG(X, A) is defined in the following way. [C ni .xJ E AG(X, ‘91)k if there exists a non- 
degenerate representative C mj- Xj of [In,. x] SO that Xj E Xk for some mj # 0. In other 
words, an element s of AG(X, A) belongs to AG(X, 9I)” if the function n,: X + Z induced by 
s is nonzero on some element of Xk. By definition, the zero element 0 of AG(X, A) is in the 
regular stratum of AG(X, A). Thus, for every k > 0 if AG(X,91)k # 8, then the skeleton 
AG(3E, 3)” is not closed in AG(X, A). 
Let f: (X, A) -+ (Y, B) be a continuous map of pairs of polyhedra. The formula 
defines a continuous map 
f”: AG(X, A) -+ AG( Y, B). 
Note that iffis a cofiltered map, thenfis cofiltered. Moreover, iffand g are cofiltered maps 
of pairs of filtered polyhedra, then #of= z. Thus, AG is a functor from 99% to the 
category of finitely filtered free abelian topological groups and continuous cofiltered 
homomorphisms. 
Let I,n,(AG(X,A)) denote perversity p intersection homotopy groups of the filtered 
pair ((AG(X, A), 0), (AG(X, QI), 0)), where 0 denotes the neutral element of AG(X, A) or the 
trivial filtration on 0. By definition, I, rc*(AG(X, A)) is the group of p-homotopy classes of 
maps (T: Ak -+ AGO(X, A) so that for every 0 f i d k the simplex ai0 maps Ak _ 1 to 0, where 
AG,-,(X, A) is the connected component of 0 in AG(X, A), that is the set of elements of 
AG(X, A) of degree 0. 
If f: (X, A) -+ (Y, B) is a cofiltered map, 7is cofiltered and hence it induces a homomor- 
phism 
& :1,&4G(X,A)) + Z,Z&~G(Y, B)). 
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Moreover, if f and g are cofiltered maps of pairs of filtered polyhedra, then 
@_7* = (k7)* = (5,. 
Thus, the assignment 
Ob(YBQ(?Z, ~2) ~l~rr&lG(X, A)) E Ob(Q 
Mor(S%F) of wj?* E Mor(F&) 
is a covariant functor from &ZF into 3* 
4.2. I$* 0 AG: An intersection PL homology theory 
In this section we will show that Zprc, 0 AG satisfies the axioms of intersection pl 
homology theory. 
The axiom (Al) is satisfied by the following lemma. 
LEMMA 4.1. Let X be a space with a filtration X and let X x A,, be equipped with the 
product filtration 3E x A,,. Then for any interior point b of A,, and every perversity p the 
inclusion map X x b-X x A,, induces an isomorphism 
IPzk (AG(X x b)) + Zgc,(AG(X x A”)). 
Proof: It is enough to show that every perversity p singular k-simplex 
o:A,‘+AG(XxA,) 
is p-homotopic to a singular simplex c’: Ak -+ AG(X x b). - - 
Let us embed A,, into R, so that b is sent into the origin of R, and let tl, tz F be the ,..., n 
coordinate system induced on A,,. 
The map 
H:AG(X x A,,) x I + AG(X x A,) 
H(Cni*(Xi,Ti)yt) =CTli’(Xi,Ti’t) 
is a homotopy between the identity map on AG(X x A,) and the retraction 
AG(X x A,) + AG(X x 0) 
1 ni ’ (Xi,ti) H 1 ni ’ (Xi, 0). 
Immediately from the definition of H it follows that 
H- ‘(AG(X x A,)“) c AG(JE x A,)’ x 1. 
Hence, H is a perversity p map and the composition (a x id) 0 fi is the required IS-homotopy 
between cr and 0’. 0 
Essentially the same proof gives the following result. 
LEMMA 4.2. Let X be a space with a filtration 3E and let X x R, be equipped with the 
product filtration 3E x 02,. Then for every perversity j! the inclusion map X x 0-X x R, 
induces an isomorphism 
I, z&IG(X x 0)) + I, x*(AG(X x U-&J) 
The proof of the exactness axiom for rc* 0 AG (see [2,9]) is based on the observation 
that for an arbitrary CW-complex X and its subcomplex A the projection 
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n:AG(X) -+ AG(X)/AG(A) is a fibration (it is a locally trivial fibration with fiber AG(A)). 
Actually, if this is the case, then the long exact sequence of homotopy groups of this 
fibration is the long exact sequence of the pair (X, A) for the functor rc* 0 AG. The following 
result is the intersection counterpart of the above observation. 
THEOREM 4.3. Let (X,A) be a closed pl filtered NDR pair. Then the projection 
71: AG(X) -+ AG(X, A) is a filtered jibration with respect to the filtrations AG(X) and 
AG(X, ‘2l) of AG(X) and AG(X, A), respectively. Moreover, theJiber AG(A) of n over 0 is 
a filtered subspace of AG(X) and hence IC induces a long exact sequence of intersection 
homotopy groups. 
The last statement of Theorem 4.3 follows directly from the definition of the Lawson 
filtration. The first part of Theorem 4.3 is a consequence of Theorem 2.3 and the following 
lemma. 
LEMMA 4.4. Let (X, A) be a closed pl filtered NDR pair. Then, there exists an open 
covering u11 of AG(X, A) so that for every element U of 42 there exists a trivialization 
homeomorphism cp: C’(U) -+ U x AG(A) so that 
(p(n-‘(U)nAG(X)“) = U”x AG(A)uU x AG(‘S)“, (6) 
where X is afiltration of X, ‘3 is the induced from Xfiltration of A, and U” = UnAG(X, ‘QI)‘. 
Proof. The following proof is a modification of the proof of Satz 5.4 from [a]. 
Let G be a group and let H be its closed subgroup. Then, the quotient map n : G + G/H is 
a principal H-bundle if there exists an open neighborhood U of [H] in G/H so that one of 
the following equivalent conditions holds. 
(i) There exists a section s: U + G of 7~. 
(ii) There exists an H-equivariant map o:Ci(U) + H. 
If (X, A) is a closed pl pair, then AG(X) is a topological group, AG(A) is its closed 
subgroup, and the projection 
n : AG(X) + AG(X, A) 
is a quotient map. Dold and Thorn proved that there exists a local section of n and hence 
n is a principal AG(A)-fibration. 
We will show that there exist: an open neighborhood U of 0 in AG(X, A) and a AG(A)- 
equivariant map 
WC-‘(U)+ AG(A) 
so that the trivialization 
cp = (~,a):n-l(U)+ U x AG(A) 
satisfies the condition (6). Then we will see that U and CT induce: an open covering { Ua} of 
AG(X, A) and a family of AG(A)-equivariant maps 
rr,:~-~(U,) + AG(A) 
for which the trivialization (Pi = {rc,cr,} satisfies the condition (6). 
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AGk(X) = p 
i 
n SP4(X) x S”(X) 
q+r<k > 
be the subset of AG(X) whose elements have at most k components different from 0. We set 
AGk(X,A) = n(AGk(X)). It is easy to see that a subset I/ of AG(X) (or AG(X,A)) is open if 
and only if for every k 3 0 the intersection I’nAGk(X) (or VnAGk(X, A)) is open in 
AGk(X) (or AGk(X,A)). We will construct: a family (uk> of open neighborhoods of 0 in 
AGk(X, A) and a family (ckk) of AG(A)-equivariant maps 
CQ:71-i(uk) + AG(A) 
so that Uk+l iAGk&i) = Uk and (Tk+, 1~ = @‘k. Then, We Set u = Uk >o uk, and O/u, = gk. 
Let IV be an open neighborhood of A in X for which there is a strata preserving 
retraction r: W -+ A. Then AG(W) is an open neighborhood of AG(A) in AG(X) and hence 
for every k 2 0 the intersection Wk = AG(W)nAGk(X) is open in AGk(X). The set 
Wk consists of elements of AG(W) with at most k components different from 0. We will 
write them as follows: 
C nj’Wi* 
%,I $k 
For every k 2 0 the set Uk = x( wk) is open in AGk(X, A) and rc- ’ (&) consists of elements 
of AG(X) of the form 
r,zCk Qswi + JABjmuj. 
W,EW\A I 
Let us define ok by the formula 
It is easy to see that it is a continuous AG(A~equivariant map and moreover for every k 2 0 
we have uk+ IlzQA) = uk and ak+ilUk = ck. 
We have to show that 
(n,5k)(71-l(Uk)nAG(~)S) = (t.4$)sXAG(A)UUkX AG(%f)“, 
where (u,)s = U,nAG(fi, %)s. 
The intersection C1(Uk)nAG(~)” consists of the points 
so that 
1. Wi e (W \A)nX” for some ni # 0. 
or 
2. aj E AnX” for some nj # 0. 
(7) 
In the first case z(z) E(U,$. In the second case ok(x) E AG(Ql)“, because Y satisfies the 
condition r( WnS:) c St. 
Since for every pl stratification 3E of X the regular set of 3E is dense in X, the regular set of 
AG(iE, ‘?I) is also dense in AG(X, A) and hence every point of AG(X, A) has a neighborhood 
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of the form y + U, where y E reg(AG(X, a)). Let j E a(X) be so that r(j) = y and J does not 
have any components in A. Then it is easy to see that the trivialization 
(py = (7r,a,):z-‘( Y + U)+(Y + WxAGb4, 
where a,(x) = 0(x - p) satisfies the condition (6). q 
The following lemma takes care of the axiom (A3). 
LEMMA 4.5. A filtered excision map j:(X, A)-(Y,B) of Jiltered pairs with jiltrations 
(X,%) and (X, 23) induces a jiltered isomorphism of topological groups 
7: AG(X, A) + AG( Y, B) 
with respects to the filtrations AG(X,M) and AG(‘I),Z3) of AG(X,A) and AG(Y,B) 
respectively. 
Proof Lima-Filho proved in [9] that Jis an isomorphism of the topological groups. 
Note that the filtration AG(X, 2I) induced by (X, 2I) is determined by the filtration induced 
by 3E on X\A. In particular, if j:(X, A)+Y,B) is a filtered excision map, then 
j”((AG(3E, ‘21)k) = AG(‘L), ‘$3)” for every k. That is, jis a filtered isomorphism of topological 
groups. 0 
Ibrrt* 0 AG satisfies the last (A4) axiom, because if SO c Si c ... is a sequence of Kan 
subcomplexes of a Kan complex S so that S = U Si, then for every non-negative integer the 
natural map 
lim nk(Si) -+ nk(S) 
is an isomorphism. 
4.3. Natural Transformation (p* : I#, + I$* 0AG 
We will show that there is a natural transformation 
rp,:I,H,+I,n,oAG 
of intersection pl homology theories satisfying the conditions of Theorem 3.1. 
Let X be a polyhedron with a filtration 3E and let 1 nioi be a singular k-chain of X. The 
assignment s Hz niCi(S) defines a map cp(c nioi): Ak + AG(X). This map is continuous 
because AG(X) is a topological group. Hence, we have a map cp: AG(S(X)) -+ S(AG(X)), 
where AG(S(X)) stands for the free abelian simplicial set generated by S(X). cp is a simplicial 
map, because 
In the same way one can prove that cp commutes with degeneracy operators. 
It is easy to see that cp is a natural transformation between AG 0 S and S 0 AG (the action 
of cp on morphisms is irrelevant for validity of Theorem 3.1). We will see that cp restricts to 
a natural transformation from AG 0 I, S into I, S 0 AG. 
Consider a singular k-chain Cniai of perversity p in (X, f). The singular simplex 
cp(Cniai) is of perversity p with respect o AG@), because 
~p(c niOi)-’ (AG(X)‘) = {S E Ak 13 i SO that Qi(s) EX’} =u (ai)-‘( 
and every simplex ci is of perversity p. 
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Since cp is a simplicial map, and for every j the simplex 8joi is of perversity p, the map 
aj(q(C nisi)) is of perversity p as well. We have proved that q:.4G(li,S(X)) + Z,S(AG(X)) is 
a natural simplicial map. Hence, applying simplicial homotopy groups functor, we get the 
required natural transformation ‘p* : I, H, + I, x* 0 AG. 
It is easy to see that cp(pt) is an isomorphism. The second condition of Theorem 3.1 is 
satisfied by the following lemma. 
LEMMA 4.6. if X is a~lter~~ space with filtration of length n, then for every perversjty 
p and positive integer k there is an iso~orphis~ 
I,dAG@(XN) 2 
i 
Z,n,(AG(X)) for k < n - @(n + 
0 for k 2 n - p(n + 
Recall that if X is as in Lemma 4.6, then there is an isomorphism 
1, Hk(dX)) z 
I@k(x) for k < n - p(n f 1) 
o for k B n - p(n -t- 1). 
1) 
lb 
Hence, if co,(X):i~H*(X)-,I,~,(AG(X)) is an isomorphism, then cp,(c(X)) is an 
isomo~hism. 
ProofofLemma 4.6. Let 3 be a filtration of length n on X and let c(3) be the induced 
filtration on the cone c(X), A singular simplex a:Al -AG(c(X)) is of perversity p if 
a-“(AG(c(X))“) is of dimension ,< I - s + p(s). Recall that AG(c(ZE))“” consists of those 
elements of AG(c(X)) whose nondegenerate representatives contain the vertex of c(X). 
Hence, if (k + 1) - (n + 1) + p(n + 1) < 0, then for every 1 G k + 1, every singular simplex 
o:A, -+ AG(c(X)), and every point s EAT, the nondegenerate representative of the element 
a(s) does not contain the vertex of c(X), i.e. 
(i: Af -+ AG(c(X)\ (*)) = AGfX x R). 
Therefore, for (k + 1) - (n + 1) t jJ(n + 1) < 0 one has an isomo~hism 
&(AG(c(X))) zz Z,z,(AG(X x rW)) 
and by Lemma 4.2 the last group is isomorphic to I,z,(AG(X)). 
Now let (k + 1) - (n f 1) + p(n + 1) 2 0. We will see that every singular k-simplex 0 of 
perversity p is p-homotopic to the constant map to 0. Let H be a deformation of the identity 
map on c(X) to the retraction of c(X) onto (*). H induces a map I?: AG(c(X)) x 
2 -+ AG(c(X)) between the identity map on AG(c(X)) and the projection of AG(c(X)) onto 0. 
It is easy to see that fi is of perversity p and the composition (CT x id) 0 fi gives the required 
$-homotopy between CT and the constant map to 0. q 
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